We consider a Ginzburg-Landau type functional on S 2 with a 6 th order potential and the corresponding selfduality equations. We study the limiting behavior in the two vortex case when a coupling parameter tends to zero. This two vortex case is a limiting case for the Moser inequality, and we correspondingly detect a rich and varied asymptotic behavior depending on the position of the vortices. We exploit analogies with the Nirenberg problem for the prescribed Gauss curvature equation on S 2 .
Introduction
Functionals that exhibit a selfduality phenomenon in the sense that the absolute minimizers satisfy a set of rst order partial di erential equations are important in various areas of geometry and physics.
In the present paper, we investigate a special class of such functionals, namely Ginzburg-Landau type functionals with a 6 th order potential. Such functionals arise in Chern-Simons Higgs theories, as will be explained in x2.
We consider a line bundle L over a compact Riemann surface , and the Lagrangian density L(A; ) = jr A j 2 + k 2 4 jFj 2 j j 2 + 1 k 2 j j 2 (1 ? j j 2 ) 2 :
limit analysis as k tends to 0. This limit analysis reveals a geometrically interesting phase transition that may also be relevant in superconductivity. If is compact, or, more generally, if one requires certain decay conditions at in nity, Z F = 2 N is a topologically quantity, where N is an integer, the so-called vortex number that xes the number of zeroes of , the vortices. For N 0, absolute minimizers of L then have to satisfy the selfduality equations @ A = 0 F = 2 k 2 j j 2 (1 ? j j 2 ): As k ! 0, one expects that the minima of the potential V ( ) = j j 2 (1 ? j j 2 ) 2 at j j = 1 and = 0 dominate the behavior of minimizers of L, except that the topological constraint Z F = 2 N xes the number of zeroes of as well as the integral of F. One thus expects a solution with j j close to one except in the vicinity of N vortices. In the case were is a torus, such a solution has been constructed by Ca arelliYang CaY]. One also expects a solution that approaches 0. Such a solution was recently obtained in an interesting paper of Tarantello T] in case N = 1, again for a torus. While the methods employed in the proofs of those results extend to the case of an arbitrary compact Riemann surface , the method of Tarantello only works for N = 1, because it depends on the Moser inequality. (She does obtain a second solution for arbitrary N , but as we shall see in the present paper, the limiting behavior will depend on N in general.) Here we consider the case N = 2 on the sphere S 2 . This case is a limiting case for the Moser inequality, and consequently the analysis and the results become more subtle than for N = 1. In fact, one may rewrite the selfduality equations by putting u(x) = log j (x) By their results, it may be possible that a solution with a blow-up of the curvature at a non-vortex point also exists for certain conformal classes of tori.
In conclusion, the asymptotic analysis of the Chern-Simons Higgs functional considered here is much richer than the corresponding one for the Ginzburg-Landau functional with a 4 th order potential (j j 2 ? 1) 2 . There, it was shown in HJS] that asymptotically, as k tends to 0, becomes a covariantly constant section of L with j j=1, and the connection A becomes at, except near the vortices where all the topology concentrates. Solutions of the type found by Tarantello and in the present paper do not occur in that model. This is somewhat similar to the situation in the Seiberg-Witten functional that again has a 4 th order nonlinearity where the limiting analysis was carried out by Taubes T3] . We expect that a Seiberg-Witten type functional with a 6 th order potential will exhibit very interesting features, partly analogous to the ones found in the present paper. We hope to be able to study this more closely. In fact, we consider the present analysis as a model study for that problem.
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The Chern-Simons Higgs model
Let S 2 be the standard sphere in R 3 with the standard metric g 0 , and M = R S 2 with the Lorentzian metric g = dx 2 0 ?g 0 . Consider the (trivial) principle bundle M U(1) ! M. Let where j is the conserved matter current density. We are interested in static solutions of (2.2) with V ( ) = 1 k 2 j j 2 (1 ? j j 2 ).
The energy density corresponding to the Lagrange density (2.1) is E = jD 0 j 2 + jD 1 j 2 + jD 2 j 2 + 1 k 2 j j 2 (1 ? j j 2 ) with the Gauss law kF 12 + 2A 0 j j 2 = 0 (see (2.4)). Here N is an integer.
One can easily check that a solution of (2.7) with the Gauss law satis es (2.2). In this paper, we are interested in nding such special solutions of (2.2). where each Dirac distribution p j occurs with multiplicity n j ; j = 1; :::; m.
One can also obtain another solution by using the mountain pass Lemma as T]. Here we are interested in solutions of (2.7) with a di erent asymptotic behavior when k ! 0. Motivated by Ca arelli-Yang's variational method, when N = 1, Tarantello obtained in T], Theorem 2.2 There exists a solution (Ã k ;~ k ) of (2.7) for small k > 0 such that (2.8) holds and k~ k k C q (S 2 ) ! 0 as k ! 0 for any q 0.
Although they did not consider (2.7) on S 2 , the methods of Ca arelliYang and Tarantello extend to this case.
Tarantello used the Moser inequality M1,2] to study this problem. Here we consider the case N = 2. As we already mentioned in the introduction, this case is a limiting case (a critical case). The main di culty to nd solutions of (2.7) is the lack of a coercivity condition. A crucial observation is that our problem can be seen as a perturbation of the well-known Nirenberg problem. Hence, methods developed in the Nirenberg problem may be used to study (2.7). First we obtain a solution of (2.7) which has a new asymptotic behavior as k ! 0. Theorem 2.3 Let N = 2 and P two vortices. For small k > 0, there
where Q 6 = P is determined by P (see section 3.). Moreover, if P + = ?P ?
there exists a family of solutions (A 2 k (#); 2 k (#)) such that (i), (ii) and (iii) hold with T # Q, where T # is the rotation with angle # about the axis from P + to P ? . This is a new interesting situation. We guess that such a solution exists in the general case.
Theorem 2.4 Let N = 2 and P two vortices. If P + 6 = P ? , then for small k there exists another solution (A 3 k ; 3 k ) of (2.7) such that (i) (2.8) holds,
(ii) 3 k ! 0 in C q , as k ! 0, for any q 0. The potential j j 2 (j j 2 ? 1) 2 has a minimum at j j = 1 and at = 0. The solution of Theorem 2.1 corresponds to the minimum at j j = 1, the one of Theorem 2.3 to the one at = 0, while the solution of Theorem 2.4 is a saddle point solution for an associated functional. Of course, the vortices prevent that j j = 1 or 0 are exact solutions, but in the limit k ! 0, the obstructions concentrate at isolated points. According to the theorems, for N = 2, we have 3 di erent cases for small k.
(1) If P + = P ? , (2.7) admits at least two solutions, 
Proof. The proof is straightforward (cf. T]).
A crucial observation is that we may rewrite J in a suitable form as follows. For t > 0, let m t : C ! C be the usual multiplication by t, i.e m t (z) = tz for any z 2 C . For any u 2 H 1;2 (S 2 ), there is (q; t) 2 S 2 1; +1) and w = u 'q;t := u ' q;t + q;t : such that P(w) = 0, where ' q;t = ?1 m t and q;t = log det (d' q;t for z = (x 1 + ix 2 )=(1 ? x 3 ). The preceding estimates prove (ii).
(iii) The proof is similar to that of (ii). To prove the proposition, we need one more Lemma. We recall = inf u2A J (u). ? log(max K) ? 1 + 2 log 2 + ": Clearly, for any u 2 A , J (u) ? log(max K) ? 1 + 2 log 2. Hence lim !1 = ? log(max K) ? 1 + 2 log 2.
(ii) If u 2 @A , by de nition, f B (u) = ?2 + 2 log 4. Hence J (u) ? log(max K) ? 2 + 2 log 4.
Remark. By Lemma 3.8, lim !1 < inf u2@A J (u) for any .
Proof of Proposition 3.7. Consider a minimizing sequence fu i g 2 A of J .
According to Lemma 3.3, we rewrite it as u i = (w i ; q i ; t i ). First we claim that S(w i ) is bounded. This is easy to prove, for f (u i as i ! +1. Therefore J (u ) and u 2 A . Now, in view of Lemma 3.8, u 2 A . Remark. We can prove the proposition in a di erent way which does not use conformal transformations. Actually, we can prove proposition 3.7 for any compact surface in DJLW].
By Lemma 3.2, we know that u + (u ) is a solution of (3.2). Now we consider the behavior of u as ! +1. First, it is clear that u cannot converge in H 1;2 . Otherwise, we can obtain a minimum of J in H, which contradicts Lemma 3.6. Proposition 3.9 If we write u as (w ; q ; t ) then w ! 0 strongly in H 1;2 ; t ! 1 and q ! Q as ! +1, where Q is one of the maximum points of K. Moreover, w ! 0 strongly in C 1 as ! +1.
Proof. Since lim !1 = ? log(max K) ? 1 + 2 log 2; fS(w )g, hence fkw k H 1;2 g is bounded. From the above discussion, we know that ft g is unbounded. Assume q ! Q and w ! w 0 weakly in H 1;2 as ! 1. By a direct computation we have lim !1 = lim !1 J (u ) S(w 0 ) ? log K(Q) ? 1 + 2 log 2 Consequently, S(w 0 ) = 0, hence w 0 0. K(Q) = max K and w converges to w 0 = 0 strongly in H 1;2 . Clearly, w satis es a suitable equation similar to (3.7), from which we can show that w ! 0 strongly in C 1 as ! +1 by elliptic estimates.
Corollary 3.10 When P + = ?P ? , there are in nitely many solutions of (3.2).
Proof. In this case, K is axially symmetric along the axis crossing P + and P ? . Denote by T # the rotation along this axis with angle #. It is clear that T # u is also a critical point of J for any # 2 (0; 2 ]. From the previous proposition, we know P(u ) ! Q as ! 1. Hence, for large , P(u ) is not the origin of R 3 . On the other hand, it is clear that T # (P (u )) = P(T # u ) and T # has no xed points except the origin. Hence P(T # u ) 6 = P(u ) for any # 2 (0; 2 ], which implies u 6 = T # u for any # 2 (0; 2 ]:
Hence (3.2) admits in nitely many solutions.
Now we can prove Theorem 2.3.
Proof of Theorem 2.3 From propositions 3.8 and 3.9, all properties except
(ii) are easy to check. Now we prove (ii). Recall that j j = e u 0 +u + (u ) = Ke u + (u ) . We claim t 2 ! 0 as ! 1;
where u = (w ; q ; t ). If the claim is true, by (3.5) and Lemma 3.5 we have e (u ) ! 2 K(Q) as ! +1:
By proposition 3.9, we can show that max e u ct 2 for some constant c > 0. In fact, we have e u 'q;t = e w (det d' q;t ) ?1 and w ! 0 strongly in C 1 . Hence, we have j j = Ke u + (u ) c ?1 t 2 ! 0 again by the claim. Therefore, we only have to prove the claim. Assume R e v converges toũ strongly in H 1;2 . It is easy to check thatũ satis es (3.7). However, in this case, i.e. P + = P ? the equation (3.7) admits no solution by the Kazdan-Warner identity Z hrK; rx i ie u = 0 that has to hold for any solution of (3.7), see KW]. Now we consider the general and more di cult case P + 6 = P ? . In this case, by Lemma 3.1, we know that K has a unique saddle point Q and a Proof. For each h 2 D 0 , we rst construct anh 2 D such that (1) S(h(t)) and P(h(t)) 2 B ( ( z jzj )), if 1=2 jzj 1 (2)h(z) = h(2z), if jzj 1=2.
As in section 3, we decompose h(z) as (w z ; t z ; q z ) for z 2 D, where
jP(h(z))j , 1 ? t ?2 z log t z = jP(h(z))j and w z = h(z) ' qz;tz + qz;tz . By the de nition of D 0 , q(z 0 ) 2 B ( (z 0 )) and S(w z ) = S(h(z)) < for any z 0 2 @D. In fact, this was proved in the argument of proposition 3.7. Now we state our main result in this section.
Proposition 4.9 is achieved by u 2 B , provided that is large enough.
Proof. We divide the proof into several steps.
Step 1. We have (i) For " 0 > 0 and large T 1 , there exist M 0 > 0 and 0 > 0 such that any u = (w; q; t) with J (u) 0 ?1+2 log 2 + " 0 and t T 1 satis es that S(u) < M 0 and u = (w; q; t) with q 6 2 B 0 (P This is equivalent to ?1 e ?ct 2 .
Step 4 follows.
Step 5. Extend J jX to Y := ft T 0 g fu 2 (w; q; t) S(w) M 0 q 6 2 B 0 (P ) T(u; t) = u if u 2 @Y fu = (w; q; t)jS(w) ; P(u) 2 B ( )g. If u = (w; q; t) with S(w) and P(u) 2 B ( ), then by Step 1 J (u) 0 ? 1 + 2 log 2 ? c 0 2 . By (iii) in the construction of the deformation T, T(u; t) = u. If u 2 @Y , then u = (w; q; t) satis es either S(w) = M 0 , q 2 @B 0 (P ) and t T 0 or S M 0 , q 2 B 0 (P ) and t = T 0 . Again by
Step 1, we have J (u) > 0 ?1+2 log 2+ 0 , hence T(u; t) = u by (iii) above.
Hence T h 2 D ? for any h 2 D ? . Now it is clear that the existence of such a deformation contradicts the de nition of ? . Therefore ? is a critical value and there is u 2 Y such that u is a critical point ofJ andJ (u ) = ? . By the construction ofJ , we know u 2 X andJ (u ) = J (u) = . This completes the proof of the proposition. It follows that u converges to u 0 in H 1;2 . Now it is easy to conclude that u ! u 0 in C q (S 2 ) for any q 1 by the elliptic estimates.
Proof of Theorem 2.4. It follows from proposition 4.9 and 4.10.
Remark. F A 2 k ! 4 e u 0 +u 0 R e u 0 +u 0 as k ! 0, where u 0 is a solution of (3.2) and u 0 is a solution of (3.7) with K = e u 0 .
